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Preliminaries

Complexes

For any k-algebra A and any A-bimodule M we have the
Hochschild and Bar cochain complexes C*(A, M) and C3, (A,
given by

C*(A, M) := M 2 Hom(A, M) 2

2 Hom(A®", M) 2 Hom(A®" M) 2 ..

bgp(al, ) an+1) = 3190(327 . an+1)

+ g ©(a1, ...y 3j@it1y ey Ant1)

(—1)n+14p(81, vy a,,)a,,+1

M),



Preliminaries

Complexes
For any k-algebra A and any A-bimodule M we have the

Hochschild and Bar cochain complexes C*(A, M) and C3, (A, M),
given by

¢ (A M) =M 2 Hom(A, M) 2

B Hom(A®", M) £ Hom(A®"1, M) 25

bp(al,...,ant1) = algo(az, ey Ant1)

+Z 31, a,-a,-+1,...,a,,+1)



Preliminaries
Maps

Acting on the modules C(’Lar)(A) we have the cyclic operator
A C(,{)ar)(A) - C(r{)ar) (A)

Xp(ag, -y an) = (—1)"w(an, a0, -, an—1)

From this we can also create the norm operator

Q: C(’;aar)(A) - C(,{oar) (A)



Preliminaries
Maps

These operators have the following relationships with the
differentials b and b’

(L-N)b="b(1-]) Qb = bQ
Thus we get chain maps
(1=2): C*(A) = Gu(A)
Q: G (A) = C*(A)
When K contains Q the sequence is exact

LS cA) N Gu(A) S c(A) S Gu(A) S



Preliminaries

Cohomologies
When A is a unital algebra, the Hochschild cohomology of A
valued in M is defined as the cohomology of the complex C*(A, M)
HH®*(A, M) := H*(C(A, M))

HH®(A) := H*(C(A, A*))

For any algebra A (not necessarily unital) the bar cohomology of A
(with coefficients in M) is the cohomology of the complex C?, (A)
(or Gar(A, M))

HB*(A, M) := H*(Cpar(A, M))

HB*(A) := H*(Gpar(A, A"))



Preliminaries

Cohomologies

When A is non-unital, we extend the functor HH® by defining
HH*(A) = ker(HH®*(A+) — HH*(K))

where A, is the algebra obtained by adjoining a unit to A.



Preliminaries

Normalized and Reduced Complexes

Definition

For a unital algebra A, the normalized Hochschild complex is given

by

C"(A):={p e C"(A)| ¢(a, ..., an) = 0 if some a; € k, 1 < i < n}
0— C (A) — C*(A) = D*(A) =0

where the degenerate complex D"(A) is the set of functionals

D"(A) .= {¢|¢(ao, ..., an) ai = 1, for some 1 < i < n}

that extend to C"(A).



Preliminaries

Normalized and Reduced Complexes

Define j as the following cokernel

Tk

0 > A A* > Ja > 0

determined by the image of the evaluation map ev; : A* — K,
where ¢ — (1).

Definition
The Reduced Hochschild cochain complex for a unital algebra A is
defined as the kernel

0 — C*(A)rea — C (A) = ja[0] = 0.

where ja[0] is the cocomplex with ja in degree 0.



Preliminaries

Normalized and Reduced Complexes

The reduced Hochschild cohomology is then

m.(A) = H.(C.(A)red)

Corollary
For a non-unital algebra A, HH"(A) = H"(C(A+)1ed)-



Cyclic Cohomology

Connes Complex

Definition
The Connes complex Cy(A) is given as the kernel of 1 — X :

0= Cr(A) = C(A) 2 Goar(A)

The "Cyclic” Cohomology of A is then H3(A) := H*(C\(A))).



Cyclic Cohomology

Cyclic Bicomplex
Definition
For any algebra A the cyclic cobicomplex CC**(A) is the bicomplex

b —b b —b
c3(A) 1= A (A%

1A 2 (A% cxa)

b —b b —b

1—-X

CHA) A L, (A) —F ci(a) -

A Cﬁar (A) &

b —b b —b
Q

1—)

oA A ¢ (4) s oAy LA (4 -

The nt" cyclic cohomology of A is then

HC"(A) := H"(TotCC**(A))



Cyclic Cohomology

Cyclic Bicomplex

Proposition

Let Coo — Cl, be a map of bicomplexes which is a
quasi-isomorphism when restricted to each column. Then the
induced map on the total complexes is a quasi-isomorphism.

Thus, when k contains Q we have Hy(A) = HC*(A).



Cyclic Cohomology

Gysin-Connes Sequence

The long exact sequence relating cyclic cohomology with
Hochschild cohomology is given by the Gysin-Connes sequence:

. b HHPY(A) By HEm2(A) 2 HC™(A) L HHM(A) — ..

Where [ is induced by the inclusion, B = Qs(1 — A), and S is
induced by the cup product with the generator o € H*(K).



Theorems and Examples

Proposition (Connes)

Let 7 be an n+ 1 linear functional on A. Then the following are
equivalent:

1. There is an n-dimensional cycle (Q,d, [) and a
homomorphism p : A — Q° such that

(30, . an) = /p(ao)dp(al)...dp(an)

2. There exists a closed graded trace 7 of dimension n on Q2*(A)
such that
7(ag, ..., an) = T(apda; ...da,)

3. br =0and (1 -X)7r =0. ThatisT € Z{(A).



Theorems and Examples

Theorem (Connes)

The map T — 7 gives an isomorphism of HC"(A)/ImB and the
quotient space of closed graded traces of degree n on Q2*(A) by
those of the form du, where p is a graded trace of degree n+1 on
Q*(A).



Theorems and Examples

Theorem (Connes)
Let V' be a smooth compact manifold and A = C>*(V) the
topological space of smooth functions on V. Then

a. The map ¢ — C, is a canonical isomorphism between the
continuous Hochschild cohomology HH(A) with the space Dy
of k-dimensional de Rham Currents on V.

(Cp, fodfy A ... A dfy) !Ze(a (foy ..., fy)
€Sk

b. Under the isomorphism C, the operator
| o B: HH*(A) — HH*"1(A) is the de Rham boundary, d, for

currents.



Theorems and Examples

From Connes, there exist pairings (Ko(A), HC¢(A)) and
(K1(A), HC°(A)) between the first and second K-theory groups of
A and the even and odd cyclic cohomological groups of A.

An open question is then, how can we apply these results to
manifolds with boundary?



Theorems and Examples

Specifically, if we look at the proof of the previous proposition
1) = 3):

7(a0, ..., an) :/aodal...da,7
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Theorems and Examples

Specifically, if we look at the proof of the previous proposition
1) = 3):

7(a0, ..., an) :/aodal...da,,
= (—1)”_1/danaodal...da,,_1
= (—1)”_1/d(a,,ao)dal...da,,1+(—1)”/a,,daodal...da,,1
= (—1)"1/d(anao)dal...da,,_1 + A7(ag, ..., an)

Hence

(l—A)T(ao,...,a,,):(—l)”1/d(anao)dal...dan_1~/ o

oM



Theorems and Examples

For example, given a manifold M of dimension n, and
w € Q"%(M) a closed (n — k)-form, then ¢, € C®(M)+1 — C
given by

@w(ﬂ),...,fk)_/ fodfi A ... Adfx ANw
M

is cyclic when OM =0, i.e. p(fo, ..., i) = (=L)< 0(f, fo, vy Fi—1)-
This corresponds to the current C, € QX(M) — C being closed



Theorems and Examples

In other words, a trace that is “closed” and “graded” corresponds
to being “cyclic” in cohomology. However, if we have a boundary
on our manifold, then by Stokes' theorem we might need to relax
the “closed” condition. Instead, we are looking for a complex
between the Connes complex C3(A) and the Hochschild complex
C*(A).

For a manifold M with Boundary OM, we now have two algebras
A= C>®(M) and B = C*>*(9OM) (or &*°(0M)) along with a
surjection A %> B between them, and we are looking for
functionals ¢ € C*(A) such that (1 — \)p € 0*C*(B)



Bridge Cohomology

Definitions

Definition (Lesch, Moscovici, Pflaum)

(Originally “Restricted Cyclic Cohomology”)

Let A and B be unital k-algebras, and o : A — B a surjective
unital homomorphism with kernel K. We define the bridge
complex of o, R"(c), to be the complex whose n'® module is the
set of ¢ € C"(A) such that (1 — \)p descends do B, meaning

(1—=X)p =0"¢ forsome ¢ € G (B).

For any ¢ € R"(c) we have

(1= XN)bp =b(1— N =bo*p =0c*by for some ¢ € C"(B).
Thus b maps R"(0) to R""1(), and (R*(0), b) is a complex. lIts
cohomology will be denoted by HR®*(o) and called the bridge
cohomology.



Bridge Cohomology

Definitions

Proposition
We have a non-direct sum R*(c) = Cy(A) + o*C*(B).

Proof.

Given any ¢ € R"(0), let ¢ € ¢ (B) be such that

(1 —X)¢ = o*1). Notice that Qo*1p) = Q(1 — A) = 0 we have
0*Qy =0, and hence Qv = 0 since o™ is injective. Thus, there
exists ¢' € C"(B) such that (1 — \)y)’ = 1. Now we write
p=(p—0")+o*).



Bridge Cohomology

Categorical Constructions

We define the category Sy k to have objects as surjective unital

k-algebra homomorphisms. Given two objects o, 7 € Obj(S1 k), a
morphism from ¢ to 7 is a pair of unital algebra homomorphisms
(f1, f2) such that 7 = fo i.e. we have a commutative diagram:

A B
fli \sz

X—T1>Y

g
P,

Note that this is a monoidal category where the unit is

idk : k — K, which for any o : A — B, we get the canonical

. . . LALB
inclusion idg M .



Bridge Cohomology

Categorical Constructions

We can now define the bridge complex as a (contravariant) functor
R*(-) : S1x — C, from the category of surjective unital algebra
homomorphisms to the category of chain complexes.

Of special note:

R*(idp) = {p € C*(A)| (1 — N)g = id’y for some ¢ € C*(A)}
— c*(4)

And for the zero map we have the short exact sequence
A A2 0, and bridge cohomology

R*(04) = {p € C*(A) [ (1 = N)¢ = 0} = CX(A).



Bridge Cohomology

Categorical Constructions

So for any map o with domain A, we have

Cy(A) C R*(o) € C*(A), and the degree to how close R*(o) sits
between either two is measured in some sense by the size of the
kernel of o.

Definition

Given any k-algebras A and B (not necessarily unital) and a
surjective algebra homomorphism o : A — B, let 0 : Ay — By
be the extension of o to the augmented algebras A, and B;. We
define the n'* bridge cohomology module of o as:

HR"(o) = ker <HR"(O’+) 2, HR"(idk)> .



Bridge Cohomology

Normalized and Reduced Complexes

Definition
For a surjective map of unital algebras A % B, the bridge complex
R(o) can be defined as the pullback in the following diagram:

R*(0)——— C*(A)
[

1-AX

Cl;ar(B)04> Cl;ar(A)



Bridge Cohomology

Normalized and Reduced Complexes

In the category of cochain complexes, this means that

R ={ (%) € o x e |- e =),
e . b 0 . S
with differential <0 b’)' though since the map o* is injective,

including the bottom entry %) isn't quite necessary, so we will often
only write elements as ¢ € R"(o).



Bridge Cohomology

Normalized and Reduced Complexes

Definition
We may define the reduced bridge complex R(0),eq as either of the
following kernels:

0— R(0)red = R(0) = D(6)rea — 0
or

0 — R(0)rea — R(c) = ja[0] = 0

It's cohomology will be denoted HR" (o) = H"(R(0)req). We a
long exact sequence:

0 — HR(¢) — HR%(c) — ja — AR'(c) — HRY(c) — 0 — ...
— HR?"(0) — HR?"(0) — ja/ig — HR"(0) — HR?™(5) = 0 —



Bridge Cohomology

Normalized and Reduced Complexes

Proposition
R(0)req is the pullback of the corresponding normalized complexes:

R.(J)red4> C.(A)red

-
1-2)
Clar(B)red —— Clar(A)red
Proof.
C*(0)sed——— C*(Alred R*(0)——— C*(A) D*(0)—— D*(A)
J/IA % JF JIA/\ﬁ% JF J/IA
e (Blread—"— G (Adrea G (B)—"— G (A) Df(B)— " D (A)rea

U



Bridge Cohomology

Non-unital Algebras

Theorem

For a non-unital surjection o : A— B, HR"(¢) = H"(R(0+ )red)-
Proof.

It should be clear that ja, = jg, =k, and R(idx) = C(k). Hence

0 n>0
. The previous long exact

HR"(idy) = HH"(K) = {k R

sequence then becomes

0 — HR’(04) = HR%(04) — k — HR'(01) — HRY(04) = 0 — ...

Note that in degree 0, R%(0;) = (A,)* and that the map
HR®(o,) — K is induced by the evaluation map ev; : (AL)* — k
which is surjective, since the projection 7 : AL — K is such that
br = 0. Thus the result follows. Ol



Bridge Cohomology

Non-unital Algebras

Definition
The bicomplex RB(c)%?} associated to R(04 )red is given by the
pullback

RB(0){%—— cc(A)?
[

1-2el

cB(B)2 Z27, cp(a)2

Corollary
H"(TotRB(0){?) = HR"(0).



Bridge Cohomology

Non-unital Algebras

Explicitly, we get the following diagram for RB(c)?}

where (1 —\)Y = (¢*)7}(1 = \).
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Cyclic bicomplexes

Let o : A — A/l be a surjective unital algebra homomorphism,
where | C A is an ideal. Then the relative Hochschild complex
C(A, 1) is defined as the cokernel

0 — C(A/I) = C(A) = C(A, ) — 0.

It's cohomology will be denoted HH(A, I) called the relative
Hochschild homology, and we of course have a long exact sequence
relating the three

... = HH"(A, 1) = HH"(A) — HH"(A/1) = HH" Y (A 1) — ...



Bridge Cohomology

Cyclic bicomplexes

Definition

Let A be a unital algebra and 0 — / — A % A/l — 0 be a short
exact sequence of algebras. Define the bridge bicomplex of o,
RR(0), as the bicomplex with the following columns

() L, (A1) S c(an 1 Gulan S .

We will denote the cohomology of the total complex by
HR"(c) := H"(Tot RR(0)) and call it the bridge cohomology of o.



Bridge Cohomology

Cyclic bicomplexes

(A 1) — CYA, )

A A

0 0 — O
COA) =5 CoualA ) 5= CO(AD)

2
C.bar

1
Cbar

0
1 _)\ Cbar

(A1) —

A

(A1) —

A

(A1) —



Bridge Cohomology

Cyclic bicomplexes

Proposition
When k contains Q, the total complex of RR(c) is

iR

quasi-isomorphic to the bridge complex, TotRR(c) = R(o).
Proposition

For a non-unital surjection A% B, HR(c4) = HR(c).



Lemma

For an augmented morphism o1 : AL — Ay/l,

HR"(o) = H"(Tot RRB(c)), where RRB(c) is the following
tricomplex

y Cgar( ) \ Clgar( ) A Cl%ar(A’ /) T’ Cgar(Avl

1 Cl%ar(A) —A— Cgar(A7 I) 1 Céar(Av I) 1— Cbar(A7I
CI(A) _l Cgar(A I) J’ Cl(Avl) _1 Cgar( al) i

1 Cgar( ) —1— Cl())ar(A7 /) 1 Cbar(A’ I) 1 Cl())ar(A7 /) -
b —b’

AT / /

CO(A) — C° (A ) —» CO(A,/) —_— Ck?ar(A’ 1 —»

bar
A)

(1 —
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Cyclic bicomplexes

Definition
For any algebra surjection o : A — B, the bar bicomplex of o,
RRyar(0), is the back sheet of RRB(o). That is, RRyar(0) is the

bicomplex with columns
RRpar(0) = Coar(A) & Coar(A, 1) 2 Coar(A, 1) 5 Coar(A 1) S ...

The bar cohomology of o, HB" (o), is given as the total
cohomology of this complex. HB"(c) := H"(Tot RRpar(0)).

Definition
An algebra surjection o : A — B is said to be coH-unital when
HB"(c) = 0 for all n.
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Future Projects and Applications

Given an exact sequence in Sk,

O—>O' (flaf2) T (g17g2) T/O'—>O

we can define the relative bridge cocomplex, R*(7, o), as the
cokernel

R*(0)

/

0——R*(7/0) —= R*(7) — R.(7", 0)—=0



Bridge Cohomology

Future Projects and Applications

Theorem (Excision (conjectured))
Given an exact sequence in Sk,

0—o —>(f1’fz) T —>(g1’g2) T/o—0

with 7 and 7 /o unital, then the map R*(1,0) — R*(0) is a
quasi-isomorphism if and only if o is coH-unital.

Research Goal
Generalize the Gysin-Connes sequence to bridge cohomology

o B HHPH(AY By HCP2(A) 2 HC™(A) L HHP(A) — ...



Bridge Cohomology

Future Projects and Applications

Research Goal

Correlate bridge cohomology and de Rham Homology on manifolds
with boundary: (L.,M.,P.) for M compact and

Co®(M) % £°(0M),

HR(0) = B~ 2, _(M; dM))@® HIR,(M; M) @& HIR ,(M; M) & ...

Extend the pairings (Ko(A), HC¢(A)) and (K1(A), HC°(A)) from
Connes, to manifolds with boundaries.
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Future Projects and Applications

Research Goal (Exterior Differential Systems)
Given a system of PDE's, F¥(x,y, %) = 0, we can reformulate
the problem of looking for solutions to this system in terms of
looking for integral submanifolds N s M, such that i*T = 0,
where M is some suitably chosen jet space, and L is a differential
ideal

07— QM)—QM)/Z—0

that corresponds with the original system of PDE's.

Using the techniques developed, we now have a cohomology theory
to apply to this situation. The question is, what type of
information (if any) in terms of integrability can determined by it's
cohomology groups?



Thank You!



	Preliminaries
	Basic Complexes
	Cohomologies
	Bridge Cohomology for Non-unital Algebras (via Connes Complexes)

	Bridge Cohomology via Cyclic Complexes

